Elementary Graph Algorithm



Graph

« G=(MB
— V : set of vertices
— E : set of edges
 Directed graph
« Undirected graph

7\

@ )

6
(a) (b) ()
V={1,2,3,4,5,6} V={1,2,3.4,56) Sub-graph of (a)
E=1{(1.2), (2.2), (24), (2,5) E = {(1,2), (1,5), (24), 3,6}

(4.1), (4,5), (5.4), (6,3)}

* Self-loop



Graph

« Applications
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Graph

 |ncident (YA}, EAh
— Edge of digraph: (u, v)
* incident from u

e incident to v
(ex) edges /ncident from vertex 2:
(ex) edges /ncident to vertex 2:

— Edge of undirected graph: (u, v)
e incident on u and v
(ex) edges /ncident on vertex 2:

« Adjacent
— Edge of graph: (u, v)

» Vertex v is adjacent to vertex u
(ex) edge (1, 2):

% Undirected graph: symmetric relation




Graph

Degree of a vertex
— Undirected graph

: number of edges /ncident on it
(ex)

— Directed graph
« Qut-degree
: number of edges /ncident from it
* In-degree
: number of edges /ncident to it
» Degree = out-degree + in-degree
(ex)




Graph

Path
— Sequence of vertices: <v_, vq, ..., V>, (vi., v;) € E
— Length of a path

: number of edges in the path

o }'K
fiacle
Cycle |
— Path <v,, vy, ..., vi> if v =v, / y |
(4Y *‘::5\:: (6 K
AL _ ey M

Reachable

Vertex u’ is reachable from vertex u

« there is a path from u to u’

< U™z U’
Connected

A graph is connected

< every vertex is reachable from every other vertex



Representation of Graphs

. Adjacency List (21 2|AE)
— Graph & Linked list & AF&50] H£35I= 28
— Adjld, veVv

For each veV, Adj[u] contains all vertices v such that there is
an edge (v, v € E

(ex) undirected araph
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Representation of Graphs

. Adjacency List (218 2|AE)
— B E adjacency list Z0]9| &

« Undirected graph: |E|

« Directed graph: 2 |E|

— Memory requirements
* © (V[ + [E]
« Sparse graph ([E| << [V]2) 2| B0 ATt

— Edge (u, v) =X o F 2010 F&SIL}

* large graph Of =2 ®&



Representation of Graphs

« Adjacency Matrix (217 3 3H)
— 2 dim. Array & AFE5H0 12 7o
= (ay) (i=1,..[V], j=1,..[V])
_{1 if (i,j)eE
" |10 otherwise
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Representation of Graphs

« Adjacency Matrix
— Undirected graph: A = AT

— Memory requirements
« O (V]
« Dense graph ([E| = [V]2) 2 ES0| Xt

— Edge (u, v) =X O{ & =20 ZHEFSITE

* Small graph O =2 &



Breadth-First Search

. Bx
- 1

— Z0{%l graph G=(V,E) 2} source vertex s Of CHSIOY, s Ol A{ reachable

St B = vertex EHAH

— s 2 BEH B E reachable vertex 771 X| 2| distance (smallest number of

edges) A4t

 Data
Adj[u]: graph 2| adjacency list
color[u]: Zt vertex 2| status
white - not discovered
gray — discovered but not confirmed
black — discovered and confirmed
d[u]: s £E u 7tX| Q| distance
plu]: u 9] predecessor (or parent)
(u, v) 7l edge @ BF, u = v &| predecessor
Q: queue (first-in first-out)

_—



Breadth-First Search

* |dea
— Send a wave out from s.
 First hits all vertices 1 edge from s.
* From there, hits all vertices 2 edges from s.
» Etc.
— Use FIFO gueue Q to maintain the wavefront

— Vv e Q ifand only if wave has hit v but has not come out of vyet.



*

Breadt

* BFS(G, s)

running time: O (V+E)
- 7|2} vertex 5=0f H|& O(V)
- loop: edge 5=0f H|| O(E)

n-First Search
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BFS(G, s)

for each vertex u € V[G] — {s}
do color[u] < WHITE
dlu] < oo
lu] < NIL
color[s] < GRAY
d[s] < 0
m|s] < NIL
Q <« 0
ENQUEUE(Q, s)
while Q #
do u < DEQUEUE(Q)
for each v € Adj[u]
do if color[v] = WHITE
then color[v] < GRAY
dlv] «<—d[u] +1
mwv] <« u
ENQUEUE(Q, v)
color[u] < BLACK
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(1)

Breadth-First Search
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Breadth-First Search

« PRINT-PATH(G,s,V)
- s B2 v IIHX[ Q] ’tl':r path (breadth-first path) print
- p[v] & trace otH QI

PRINT-PATH(G, s, v)
iy—=;§
then print s
else if 7[v] = NIL
then print “no path from™ s “to” v “exists”
else PRINT-PATH(G, s, [v])
6 print v

L U R




Depth-First Search

. B
= 1
— FO{Zl graph G=(V.E) 8| 2 & vertex &7 (discover)
— 2} vertex Of CHBF time stamps (discovery time, finish time) 7| =

« Data
Adj[u]: graph 2| adjacency list
color[u]: ZF vertex 2| status
white - not discovered
gray — discovered but not finished
black — discovered and finished
d[u]: discovery time
f[u]: finish time (d[u] < f[u])
p[ul: u 2| predecessor (or parent)
Stack



Depth-First Search

« |dea
— Tree 9| pre-order traverse 2t A}

— discover: vl — v2=adj[vl] — v3=adj[v2] —

— finish; ... = v3 — v2 — v1 g4l

* DFS(G)

running time: ©(V+E)
- 7|3} vertex =0f H|E © (V)
- loop: edge ==0f| H|&| © (E)

DFS(G)

1 for each vertex u € V[G]

2 do color[u] < WHITE

3 w[u] < NIL

4 time «— 0

5 for each vertex u € V[G]

6 do if color[u] = WHITE
7 then DFS-VISIT (u)

DFS-VISIT (u)
color[u] < GRAY
time <— time +1
dlu] < time
for each v € Adjlu] o> Explore edge (u, v).
do if color|v] = WHITE
then w|v] «— u
DFES-VISIT(v)

color[u] < BLACK = Blacken u; it is finished.
flu] < time < time +1

o N R N TN R S
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> White vertex u has just been discovered.




Depth-First Search
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(Q)

Depth-First Search
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Topological Sort

- Topological Sort (214 H3H)
— directed acyclic graph (dag) 2| 2= vertex & linear ordering
— AQV (activity on vertex) network Ol A] HX| =3Hs}jofF & SHE
B A|ZSN REE 2= ST LIE
Vertex : process
Edge: process 7F2| sequence
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Topological Sort

 Algorithm
1 DFS(G) =H
2 vertex 2| linked-list ‘-4 ( finish time Y+=2 2)

3 vertex 2| linked-list return

TOPOLOGICAL-SORT(G)

I call DFS(G) to compute finishing times f[v] for each vertex v
2 as each vertex 1s finished, insert it onto the front of a linked list
3 return the linked list of vertices
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Topological Sort

17/18

® (k)

17/18

undershorts

11/16 12/15 13/14 9/10 1/8

6/7

2/5

3/4
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