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Robot Dynamics



Kinematics vs. Dynamics

• Kinematics
– Equations about position, velocity, and acceleration

• Dynamics
– Equations about force and/or torque

– Applications

1) Control problem

2) Simulation problem
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Θ, ሶΘ, ሷΘ ⇒ 𝜏

𝜏 ⇒ Θ, ሶΘ, ሷΘ



Force and Torque

• Torque (회전력)

റ𝜏 = റ𝑟 × റ𝐹 (Nm  or Kg m2 / sec2 )

𝐹 = 𝑚 𝑎

• Kinetic Energy
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𝜏 = 𝑟 ∙ 𝑚𝑎 = 𝑟 ∙ 𝑚 ∙ 𝑟𝛼 (𝛼 : angular acceleration)
= 𝑚𝑟2 ∙ 𝛼
=  𝐼 𝛼 (𝐼 : inertia, 관성질량, Kg m2 )

𝛼 = ሶ𝜔
𝐾𝑡𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑎𝑙 =

1

2
𝑚𝑣2

𝐾𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 =
1

2
𝐼𝜔2



Force and Torque
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• Inertia Calculation



Dynamics
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Dynamics Newton-Euler Lagrangian

Approach Force balance equation Energy balance equation

Form Iterative Closed

Use Easier for simpler systems Easier for more complicated 
systems
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Lagrangian Mechanics

• Lagrangian
𝐿 = 𝐾 − 𝑃
𝐿 ∶ Lagrangian, 𝐾 ∶ Kinetic energy, 𝑃: potential energy

• Lagrangian relationships
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Lagrangian Mechanics

(Ex1) 1 d.o.f system
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𝐾 =
1

2
𝑚 𝑣2 =

1

2
𝑚 ሶ𝑥2

𝑃 =
1

2
𝑘 𝑥2

𝐿 = 𝐾 − 𝑃 =
1

2
𝑚 ሶ𝑥2 -

1

2
𝑘 𝑥2

𝐹 =
𝜕

𝜕𝑡

𝜕𝐿

𝜕 ሶ𝑥
−

𝜕𝐿

𝜕𝑥
= 

𝜕

𝜕𝑡
𝑚 ሶ𝑥 − −𝑘𝑥 = 𝑚 ሷ𝑥 + 𝑘𝑥

• Kinetic energy

• Potential  energy



Lagrangian Mechanics

(Ex2) 2 d.o.f system
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𝐾 = 𝐾𝑐𝑎𝑟𝑡 + 𝐾𝑝𝑒𝑛𝑑𝑢𝑙𝑢𝑚 =
1

2
𝑚1 ሶ𝑥2 +

1

2
𝑚2𝑣𝑝𝑒𝑛𝑑𝑢𝑙𝑢𝑚

2

𝑃 =
1

2
𝑘 𝑥2 +𝑚2𝑔𝑙(1 − cos𝜃)

𝐿 = 𝐾 − 𝑃 =
1

2
𝑚1 +𝑚2 ሶ𝑥2 +

1

2
𝑚2 𝑙2 ሶ𝜃2 + 2𝑙 ሶ𝜃 ሶ𝑥 cos𝜃 −

1

2
𝑘 𝑥2 −𝑚2𝑔𝑙(1 − cos 𝜃)

𝐹 =
𝜕

𝜕𝑡

𝜕𝐿

𝜕 ሶ𝑥
−

𝜕𝐿

𝜕𝑥
= 𝑚1 +𝑚2 ሷ𝑥 + 𝑚2𝑙 ሷ𝜃 cos𝜃 −𝑚2𝑙 ሶ𝜃2 cos 𝜃 + 𝑘𝑥

• Kinetic energy

• Potential  energy

𝑉𝑝𝑒𝑛𝑑𝑢𝑙𝑢𝑚 = 𝑉𝑐 + 𝑉𝑝𝑙𝑐 = ሶ𝑥 Ƹ𝑖 + 𝑙 ሶ𝜃 cos𝜃 Ƹ𝑖 + 𝑙 ሶ𝜃 sin 𝜃 Ƹ𝑗 = ሶ𝑥 + 𝑙 ሶ𝜃 cos𝜃 Ƹ𝑖 + 𝑙 ሶ𝜃 sin 𝜃 Ƹ𝑗

𝑣𝑝𝑒𝑛𝑑𝑢𝑙𝑢𝑚
2 = ሶ𝑥 + 𝑙 ሶ𝜃 cos 𝜃

2
+ (𝑙 ሶ𝜃 sin 𝜃)2

𝐾 =
1

2
(𝑚1 +𝑚2) ሶ𝑥2 +

1

2
𝑚2(𝑙

2 ሶ𝜃2 + 2𝑙 ሶ𝜃 ሶ𝑥 cos𝜃)

𝑇 =
𝜕

𝜕𝑡

𝜕𝐿

𝜕 ሶ𝜃
−

𝜕𝐿

𝜕𝜃
=𝑚2𝑙

2 ሷ𝜃 + 𝑚2𝑙 ሷ𝑥 cos 𝜃 +𝑚2𝑔𝑙 sin 𝜃

𝐹
𝑇

=
𝑚1 +𝑚2 𝑚2𝑙 cos 𝜃

𝑚2𝑙 cos 𝜃 𝑚2𝑙
2

ሷ𝑥
ሷ𝜃
+

0 𝑚2𝑙 sin 𝜃
0 0

ሶ𝑥2

ሶ𝜃2
+

𝑘𝑥
𝑚2𝑔𝑙 sin 𝜃



Lagrangian Mechanics

(Ex3) 2 d.o.f system with point mass
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• Kinetic energy

𝐾2 =
1

2
𝑚2𝑉2

2

𝑉2 = ሶ𝑥2
2 + 𝑦2

2



Lagrangian Mechanics
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• Potential Energy 𝑃 = 𝑃1 + 𝑃2

• Lagrangian

• Dynamic equation



Lagrangian Mechanics

(Ex4) 2 link arm
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• Kinetic energy



Lagrangian Mechanics
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• Potential Energy

• Lagrangian

• Dynamic equation



Robot Dynamic Equations

• 2 d.o.f system

• N d.o.f system
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𝑀(Θ) : inertia matrix (n x n)
𝑉(Θ, ሶΘ) : vector of centrifugal and Coriolis (n x 1)
𝐺(Θ) : vector of gravity (n x 1) 

Inertia Centrifugal Coriolis Gravity



Forces of Friction

• Friction
– Viscous friction

– Coulomb friction

14



Differential Drive WMR

• Kinetic energy
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Differential Drive WMR

• Lagrangian
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𝐿 = 𝐾 (Potential energy = 0)



Dynamic Simulation
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Dynamic Simulation

• Motion model
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Given: torque profile 𝜏(𝑡), initial position & velocity Θ 0 , ሶΘ(0)
Find: position & velocity profile Θ 𝑡 , ሶΘ(𝑡)

ሷΘ(0) (★)

(Euler integration)

(★)

ሷΘ(𝑡 + ∆𝑡) (★)



Dynamic Simulation
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Static Force Analysis

• Hand force vs. Joint torque 
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TH

x y z x y zF f f f m m m   =   

 
TH D dx dy dz x y z    = 

   1 2 3 4 5 6

T
T T T T T T T=

   1 2 3 4 5 6

T
D d d d d d d      =

: Force/moment at the hand

: Displacements at the hand

: Torques at the joints

: Displacements at the joints



Static Force Analysis

• Energy (work) conservation

• Jacobian
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T TH HW F D T D    = =   

 x y z x y z

x y z

dxf f f m m m

dy

dz
f dx f dy m z

x

y

z
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   =     H HD J D
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T TT TH H H HF J D T D F J T 

       = → =       

 
T

H HT J F   =    



Static Force Analysis

(Ex)
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