
Differential Motions and 
Velocities



Jacobian matrix

• Multi input & multi output system 

– System Model
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Jacobian Matrix

• Differential System

– Chain rule

• Matrix Form
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J : Jacobian matrix



Differential Motion

• Forward Kinematics

• Differential Motion
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Differential Motion

• Velocities
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Examples

(ex1) Type 1 robot
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𝑥 = 𝑙1𝑐1 + 𝑙2𝑐12
𝑦 = 𝑙1𝑠1 + 𝑙2𝑠12

𝑙1 = 𝑙2 = 1 𝑚 , 𝜃1 =
𝜋

3
, 𝜃2 =

𝜋

6
, ሶ𝜃1 = 2(rad/s), ሶ𝜃2 = 4(rad/s) => ሶ𝑥, ሶ𝑦 = ?



Examples

(ex1) Type 4 robot
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𝑅𝑇𝐻 =

𝑐2 −𝑠2 0
0 0 −1
𝑠2 𝑐2 0

𝑙2𝑐2
0

𝑑1 + 𝑙2𝑐2
0 0 0 1

=> Jacobian matrix ?



Singularities

• Singularities (특이점)

– Inverse Jacobian (J-1(Θ)) 이 존재하지 않는 joint 위치 (Θ)

⇒  det(J(Θ)) = 0 인 Θ

⇒  Joint 구동 시 joint velocity =∞ 인 joint 위치

– Type
• Workspace boundary singularities

• Workspace interior singularities

(ex) Type 1 robot
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Singularities

(ex) Type 1 robot
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𝐽 =
−𝑙1𝑠1 − 𝑙2𝑠12 −𝑙2𝑠12
𝑙1𝑐1 + 𝑙2𝑐12 𝑙2𝑐12



Singularities
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Singularities

• Singularities Avoidance

– 특이점 회피 이동경로 계획
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