
Manipulator Kinematics



Introduction

• Joint variables
– 로봇 각 관절 (joint) 의 위치 값
– Revolute joint: 회전각도 (, , … … )

Prismatic joint: 이동변위 (, , … … )
– Joint coordinate 기준

• Cartesian variables
– 로봇 핸드의 위치 값
– Position: (, , )

Orientation ( ,  , )
(, , , , , )    →←       ( , , ,  , ,)
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Introduction

• Forward Kinematics  
– to determine where the robot’s hand is?
– joint variables => Cartesian variables      

• Inverse Kinematics 
– to calculate what each joint variable is?
– Cartesian variables => joint variables

(, , , , , )    →←       ( , , ,  , ,)
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Kinematic Equations: Position

• Cartesian (gantry, rectangular) coordinates
– Forward

– Inverse
• Joint variables = Cartesian variables
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Kinematic Equations : Position

• Cylindrical coordinates
– Forward

– Inverse
(ex) (, , ) = (3, 4, 7) 일 때 , , ∝ =?
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Kinematic Equations : Position

• Spherical coordinates
– Forward

– Inverse
(ex) (, , ) = (3, 4, 7) 일 때 , ,  =?
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Kinematic Equations : Position

• Articulated coordinates
– Forward

Ø Denavit-Hartenberg representation

– Inverse
(ex) (, , ) = (3, 4, 7) 일 때  ,  ,  =?
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Kinematic Equations : Orientation

• Roll, Pitch, Yaw (RPY) angles
1) Roll: Rotation of  about -axis (z-axis of the moving frame)
2) Pitch: Rotation of  about ̅-axis (y-axis of the moving frame)
3) Yaw: Rotation of  about -axis (x-axis of the moving frame)
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Kinematic Equations : Orientation

• Transformation Matrix 에서 RPY angle 구하는 방법
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Kinematic Equations : Orientation

(ex) T = 0 −1 0 01 0 0 000 00 10 00 → roll, pitch, yaw ?

(ex) T = 0.354 −0.674 0.649 4.330.505 0.722 0.475 2.50−0.7880 0.1600 0.5950 81 →   ,  , ,  ,  ,  ?
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Kinematic Equations : Orientation

• Euler angles
1) Rotation of  about -axis (z-axis of the moving frame)
2) Rotation of  about ̅-axis (y-axis of the moving frame)
3) Rotation of  about -axis (z-axis of the moving frame)
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Kinematic Equations : Orientation

• Transformation Matrix 에서 Euler angle 구하는 방법
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Kinematic Equations : Orientation

(ex) T = 0.579 −0.548 −0.604 50.540 0.813 −0.220 70.6110 −0.1990 0.7660 31 →   ,  , , , , ?
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DH Representation

• Denavit-Hartenberg
– robot 의 forward kinematics 를 유도하기 위한 modeling 방법 (1955)
- 임의 형상 (configuration) 을 갖는 로봇에 대하여 RTH 를 구하는 체계적

방법
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DH Representation
1. Link Frame 설정

• Joint 번호, Link 번호
- base 에서 멀어지는 순으로 1, 2, 3 , …

• 각 link 에 하나의 frame 설정
- Distal joint 에 설정
- {0} frame (base frame) 은 world frame 과 평행하게 joint 1 에 설정

S1. z 축 설정
– revolute joint: 회전중심방향
– prismatic joint: 직선운동방향 (멀어지는 방향)

S2. Common Normal (공통수직선) 설정
– 인접한 두 joint 축 (Zn-1, Zn) 에 모두 수직인 직선
– Case I: 1개 존재, Case II: ∞개 존재, Case III: 0개 존재

S3. X 축 설정
– Case I: common normal 방향
– Case II: common normal 방향 (link 중심을 지나는 직선)
– Case III: Zn-1 축과 Zn 축이 이루는 평면에 직교 방향

S4. 원점 설정
– Case I, II: Xn 축과 Zn 축의 교점
– Case III: Zn-1 축과 Zn 축의 교점
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DH Representation

2. Link Parameter 설정
an: link length

distance, along the common normal (Xn), between the joint axes (Zn-1, Zn)
αn: twist angle

angle, along the common normal (Xn), between the joint axes (Zn-1, Zn)
dn: distance between links

distance, along the joint axis (Zn-1), between the intersections of common  
normals with joint axes (Xn-1 ⊥ Zn-1) ∧ (Xn ⊥ Zn), 
* prismatic joint 의 variable

θn: angle between links
angle, along the joint axis (Zn-1), between the common normals (Xn-1, Xn)

* revolute joint 의 variable
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DH Representation

3. A Matrix
An = n-1Tn : {n-1} frame 과 {n} frame 사이의 변환행렬
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DH Representation

4. RTH matrix
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DH Representation

5. Forward Kinematics
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Type 1
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Type 2
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Type 3
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Type 4
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Type 5
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Articulate Robot
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Articulate Robot
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Stanford Arm
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Inverse Kinematic Solutions
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Inverse Kinematic Solutions

(Example 1)
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Given:  , 
Find: , 



Inverse Kinematic Solutions

1. Geometric approach
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Inverse Kinematic Solutions

2. Algebraic solution (analytic approach)
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Inverse Kinematic Solutions

3. Alternative solution (analytic approach)
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Inverse Kinematic Solutions

(Example 2)
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Inverse Kinematic Solutions

(Example 3)

34



35



36



37



Inverse Kinematic Programming

• I.K 계산의 정확성 문제
– 로봇의 accuracy 에 영향을 줌

• I.K 계산 시간 문제
– 로봇이 지정된 경로 (직선, 원 등) 이동 시 빠른 계산 필요 (초당 50-200

회)
– Intermediate points
– 경로 이동 속도 및 편차에 영향을 줌
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Degeneracy

• 정의
– Inverse Kinematics 해가 무한 개 존재하는 위치/자세
Ø 무한 개의 configuration (, ⋯ , ) 으로 도달 가능한 위치/자세
Ø 자유도 (DOF) 를 떨어뜨림 (de – generate)
Ø 제어기에서 위치 결정 불가능
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