Manipulator Kinematics



Introduction

« Joint variables
- 282 Zt 2E (joint) 2| K| Bt
— Revolute joint: 2| M4 x (6,,6,, ... ... )
Prismatic joint: O|SH?| (dy,d,, ... ...)
— Joint coordinate 7|&

« Cartesian variables
— 2R HE9o| K| 4k

L ———

— Position: (x,y,z)
Orientation (@, ¢y, ;)

%
(61' 921 03' 641 95' 96) «— ( X, Vi Z), Py, QDyIQDZ)



Introduction

« Forward Kinematics
— to determine where the robot’s hand is?
— joint variables => Cartesian variables

* Inverse Kinematics
— to calculate what each joint variable is?
— Cartesian variables => joint variables

_)
(911 02' 93' 94' 951 96) «— ( X,V Z, Py, (pyr(pz)



Kinematic Equations: Position

- Cartesian (gantry, rectangular) coordinates
— Forward

Ty =Trans(P,,P,,P.)

l(l)OPx P, =P,

P, _

RTP:T;:art: O O g Py_Py
001 P~ P, =P,
000 1

— Inverse

« Joint variables = Cartesian variables




Kinematic Equations : Position

« Cylindrical coordinates

— Forward
*Tp = T (r,ax,1) = Trans(0,0,/)Rot(z, &) Trans(r,0,0)

Ca —Sa 0 rCa |
ey _p _|Sa Ca 0 1Sa Po=1la
T o 01 by =rsa
0 0 0 1 | B =

— Inverse
(ex) (P, P, P) =(3,47) € M rlec=?




Kinematic Equations : Position

« Spherical coordinates

— Forward
T =T,,,(y.8.1) = Rot(z,y)Rot(y, 5) Trans(0,0.r)
CB-Cy —Sy SB-Cy rSB-Cy B
rp, _q _|CBSy Cr SB-Sy rSB-Sy };x :7”?3 g)/
P = 1lsph = —Sﬂ 0 Cﬂ rCﬂ y—T ﬁ 'y
0 0 0 1 P,=rCp
— Inverse

ex) (PP, P)=(3,47) 8 M rpy =?




Kinematic Equations : Position

 Articulated coordinates
— Forward

T, =T

art

(6,,6,,6,) = Rot(?,6,) Rot(?,6,) Rot(?,6,)

P, =1f1(61,0;,,03) =7
Py =f2(61)62193) =77
P, = f3(01,0,,03) =777

» Denavit-Hartenberg representation

— Inverse
ex) (PP, P) =347 M 6,,0,,0;=?




Kinematic Equations : Orientation

« Roll, Pitch, Yaw (RPY) angles
1) Roll: Rotation of ¢, about a-axis (z-axis of the moving frame)
2) Pitch: Rotation of ¢, about o-axis (y-axis of the moving frame)
3) Yaw: Rotation of ¢,, about n-axis (x-axis of the moving frame)

RPY(4,.4,.4,) = Rot(a,$,)- Rot(0,4,)- Rot(n,4,)
(C4,C, C4,5¢,5¢,~5¢.C4, C4,54,Co,+54,54,
Romtionsbouté,  Reationsboutd, S¢.Co S4,S6,54,+Ch.Ch, S4.S¢,Cd —Ce.SP,
-S¢, C¢,S¢, C¢,C4,

0 0 0

Rotation about ¢,

_ o O O




Kinematic Equations : Orientation

Transformation Matrix O A] RPY angle 75t= & &

1) RPY@odyoh) = Rotlad,) Rotlo.g,) Rot(ng,)  4) Cg,~n.Sg, =0
ny a _nx a =

‘n, o, a, O]
|n, o, a, 0 = |9, =ATAN2(n,,n,) , @, =ATAN2(-n,—n,)
n, o, a, 0
L0 00 S¢,=-n, , C4,=n.Ce¢,+n,S4,
n. o, a, 0 = |¢, =ATAN2(-n,,n,CP, +n,S¢,)
2) o, a, 0
Rot(a,g,)" | = 7V 7 = Rot(0,¢,)- Rot(n,d,)
o, a, 0
0 0 01 Cp,=0,C¢, +0,5¢, , S5¢,=-a,C¢, +a,5¢,

= | ¢, =ATAN2(-a,C¢, + a,S¢,, 0,C¢, — 0,5¢,)

nxC¢a+nyS¢a oxC¢a+0yS¢a a,C¢,+a,S¢, 0
3)  |nCo-nS4 04054, aCd—-aSp 0
0
1

nZ OZ aZ

" ’ ! * 6 = ATAN2(y, %)
Cg, S¢,5¢, S¢9,C4, 0
0 Co, -S¢, O . X _
_Si Cass Cacy o 6 =atan(>) | 90 <6 < 90
o0 0 1 0 = atan2(y, x), —~180 < 6 < 180



Kinematic Equations : Orientation

0 —1 0 0]
(ex) T = (1) 8 (1) 8 — roll, pitch, yaw ?
0 0 0 O
[ 0.354 —0.674 0.649 4.33]
@) T=| 788 0160 0505 5 | 7 PelPobadodn?
0 0 0 1 |




Kinematic Equations : Orientation

Euler angles
1) Rotation of ¢ about a-axis (z-axis of the moving frame)
2) Rotation of 8 about o-axis (y-axis of the moving frame)
3) Rotation of Y about a-axis (z-axis of the moving frame)

Euler(9,0,v) = Rot(a,®)- Rot(o,0)- Rot(a,y)
x y (CHCOCy —SpSy —CopCOSy —SpCyw ChSO
Rotaion o0 abot he s S¢COCy +CpSy —S¢COSy +CopCy  SpSO
-SO0Cy SOSy co
0 0 0




Kinematic Equations : Orientation

« Transformation Matrix 0| Al Euler angle +-5t= 2

S
Q

S
<
Q
<
{ Q
<

Euler(¢,0,y) =

I*—‘OOOI

o =
o O
o

¢ =ATAN2(a,,a,), p = ATAN2(-a,,~a,)

W =ATAN2(-n, S¢p+n,Cp,—0,5¢+0,C9)

0=ATAN2(a,Cp+a,S9p,a,)

12



Kinematic Equations : Orientation

0.579 —0.548 —0.604 5

_|o540 0813 —0220 7|_ ,
@) T=10611 -0199 0766 3 b by, By $,0, 9

|0 0 0 1.




DH Representation

« Denavit-Hartenberg
— robot 2| forward kinematics € FE5t7| €8t modeling &% (1955)

- 9| "4t (configuration) S ZHs 2RO CY310] /T, = PoH= XA
I:II-I:H

OI-

Link Frame &M

\ 4

Link Parameter & ™

\ 4

A Matrix Al A

l

RTH

14



DH Representation

1. Link Frame A%

« Joint S, Link HZ
- base QA BOX|= =22 1,2, 3, ...

« Zf link Off StLt2[ frame &7

- Distal joint 0] ¥

- {0} frame (base frame) 2 world frame It WHSIA joint 1 Off H7H
S1.z = &A%

—  revolute joint: 3| E Al QS

—  prismatic joint: M 2323 (HOX|= &)

S2. Common Normal (3E42/4) 4%
I3t & joint H )
— Case l: 17| X, Case |I:
S3.X &/ 44
— Case I: common normal &gk
— Case Il: common normal &% (link 542 X|LI= &M)
— Case lll: Zn-1 =1t Zn HO| O|F= H

(@]
S4. ¥ 47
— Casel, Il: Xn &1t Zn =9°| W™
—  Caselll: Zn-1 =1} Zn =9| uH

15



DH Representation

2. Link Parameter &7
a,: link length
distance, along the common normal (X,), between the joint axes (Z,.1, Z,)
a,. twist angle
angle, along the common normal (X)), between the joint axes (Z,.;, Z,)
d,: distance between links
distance, along the joint axis (Z,,.;), between the intersections of common
normals with joint axes (X, ; L Z, ;) A (X, L Z),
* prismatic joint 2| variable
0,: angle between links
angle, along the joint axis (Z,,.;), between the common normals (X, _;, X.)
* revolute joint 2| variable

Joint n Jointn + 1 Jointn + 2

i Parallel to z,, _; 1 6



3. A Matrix

CH -SO0.Ca,
S0 COCa,
0 Sa,

SO Sa,
-C0 Sa,
Ca,

DH Representation

A. = 1T :{n-1} frame I} {n} frame A}O|Q| H

a,Co. |
a, SO,

i Parallel to z,, 4

00|'

=
=

A = Rot(a,0,)-Trans(0,0,d ) Trans(a,,0,0) - Rot(n,a,)



DH Representation

4. RT, matrix

S S
S O
S
= s

S
QS
Q
3

N
N
N

-
-
-
p—



DH Representation

5. Forward Kinematics

‘x:px9 y:py9 Z:pz
¢, = ATAN2(n,,n,)
¢, = ATAN2(-n_,n.Co,+n,S¢,)

¢, = ATAN2(-a C¢, +a . S¢,,0,CP,+0.59,)



Yok

[
l. -
H../H'

Link 0

[ 0 | 0|0
2 {0 | B, | 0
(d)

,’;;r-
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S

5 | -
| = |
p, =
X: X

22



Type 4

2 E
- -
X
A 2o
|/
—
&y
¥
Xq
(a)

(d)

X :
(c)

Link variable 9 o d
1 d; 0 90)° t!l
2 0, 6. 0 0

(e)

23



(d)

!

2]

\
LY !
7 [
- Z| — —I
¥ ¥
X X
L
A
-
¥
¥ -
Xi)
(b)
Al
- -
lt
A
d
Y
v
. (c)
Link variable 0 1] I d
d 0] 90 d
|
d L 0 0] d
(el

24



Articulate Robot

TABLE 2.2 PARAMETERS FOR THE ROBOT OF EXAMPLE 2.19

# ] d a e

| f, 0 0 90
2 f, 0 s 0

3 s 0 s 0

B i, 0 a, —90
5 f; 0 0 90
6 f, 0 0 0

25



Articulate Robot

(e, 6 5. B &
o B S5
A = . -y = &
S 10 T et 421 g
i @iy ilhat ) .y 0
_C3 _S3 O C_-gﬂ_:; _C-'l-
P DV o S
A\ = 3 3 Fee3 = 4
S0 [ i e e s i
Qi Bins Gl | 0
Figg ok slige o
LR | R ST
Aq - 5 5 ; Af, ==
' £ 1ol | 0 0
W g T s

RTH = A1A3A3A4A5Aﬁ

'_CI(CEMC_‘SCH SlMSﬁ)
— 855G
e Sl(CEMCiCﬁ B SET%dSﬁ)
+C, 855
§31CsCo + CaaeS¢
s 0

Cl(_C}‘JdCﬁCﬁ = SEMCﬁ)
+818:%
S |(_Czsacscﬁ = 5234(:&)
B C] SSS;,
=824CsCq + Co3sCe
0

-8 0 GCa
(.-'2 D Slgft'g
0] 0
ORR0 ol
e A )
0 C_; S_;ﬂ'4
= e e Rl
0 0 1
[c. -8, 0 0]
Sl S
0 s R a1
igiloni g majpoy |
(2.57)
Ci(CsSs)  Ci(Catty + Crty + Cotty) |
+ 5,C;
§1(CaaSs)  Si(Cogts + Cpaz + Goay) |
-3 Cl(:':‘,
833485 Sy348y + Syay + Sy
0 1 |

26



Figure 2.29 Schematic drawing of the Stanford Arm.

R

'“[h' TANFORD

X I]Ts‘: =

e

e

=T

-'P ‘—"Q '-cQ

=

Stanford Arm

n, = C[C(CiCsCq — 8,S,) — 8,85C¢] — 81(8:CsCs + C,Sy),

n, = §i[C(CiCsCs — 8,85) — 5,8:C4] + €, (84C:C; + C,8.),

n, = =85(C4CsCs — 5,5¢) — C,85C,

0, = G[~GC(CiCsC + 8,C¢) + 5,8:5,] — 81(—84CsS8s + C,C),
0, = 5[ Co(C,C58¢ + 5,C) + 8:8556] + Ci(—S,CsS, + C,Cp),
0, = §,(C4CsSs + S,C;) + C,8:S,,

a, = C(GCS;5 + 85,C5) — 8,585,855,

a, = §1(C,C4S8s + 5,C5) + C,S8,8s,

a; = =50,5+C,Cs,

Pr = C18,d; — Sid,,

Py = 818d; + Cid,,

P, = Cyds.

27



Inverse Kinematic Solutions

Joint Variables LK Cartesian Variables
(919029"'99”) - (pxﬂpyapza¢a9¢oa¢n)

Oded JHel oIt =M : redundancy
* degeneracy : £ Ji2 aiJt EMot= B2

2 Ht A G 0| 8iCH: heuristic solution
- Geometric approach
- Analytic approach

28



S

y
X1
Az y
X
iH
z
W
20

Given: py, py

(Example 1)

Find: 64, 6,



Inverse Kinematic Solutions

1. Geometric approach
! p. 2 +p, =17 +1,> —211, cos(180—6,)
=1*+1°+2ll.C,

O e e

A
: 211,

S, 4 h1-C,°

6, = atan2(S,,C,)

H

O=a-p
o =atan2(p,, p,)
B =atan2(/,S, , [, +1,C,)

30



Inverse Kinematic Solutions

2. Algebraic solution (analytic approach)

[ (',‘]_3 —S;j 0 a> (:13 + 4y C:l 1 ' el O ax P, 1
0 e S12 Cio 0 a8y + a1 59 0 oy ay p,
I”-‘—AI X Ay = = r _
0 0 l () n. 0, 4@ Pp,
| 0 0 0 I ] 0 0 0 1]
(2.56)

Siz2=mn, and Cya=n, -6 =4 TAN?2 (ny,ny)
- 2 ~ p_'c - a:”-”.
,Cia +a1Cy =p, or ane+a1Cy =p, — C1 = R
2012 ; ay
p}, — dxhy
aS12 + a8y =p, Or axny +a191 = p, = Sy =— .

, T axny = ANy
0, = ATAN2(S,,Cy) = ATAN2 (p> @y Py : "_“.)
ai 1




Inverse Kinematic Solutions

3. Alternative solution (analytic approach)

—(.'|3 —.\.;;_) 0 .33(:;_] + a4, C, ne Ox dx P,
Si2 Ciz2 0 @mSp+a$ ny 0, a, p,
()~ e . A o oy - — ’ ‘ Y
] H — ‘“11 x ]1 — 0 0 ] 0 ", 0, ,,'J:, [1:
0 0 0 1 0O 0 0 1
(s toe ! ag) (B, Ry O @ Ps
- By 0y 4, P, B (T R T 3
Aix Ay xAst= |7 7 7 x4l or A= 7 7T T 7| x4t
- by 0z a4, P, - ty 0 dr P, G
0O 0 0 1 0 0 0 1
[C; =8 0 aC] [ o @ P, C;, =8 0 —a
S C 0 a8 _|™ o 4 p " S G 0. 0
0 0 1 0 n. 0. da, p, 0 0 1 0
(0 0 0 4.l aLio-eycai A U
[C; —8§; 0 [a;C{] [ Can, — S0 Sone+ Caox  ax | p, — agnx"l
St G 10s |21Sy Cany — S0, Sany + Cao, ay, | p, — arm,
0 0 1 0 - Cone: — Sz0. Sony + Cro. a. p. — asn;
| 0 0 0 1 ] | 0 0 0 1




Inverse Kinematic Solutions

(Example 2)

& Analytic Approach Step1. Forward Kinematics
Yii C|C2 _CzSz SI lzclcz
! . S5 —Rg -€ \ULEC,
T, =
S, 2 0 L+LS,
0 0 0 1
n).’ X a)' p,\’
n_v _‘ a'r p_‘,
n, o, a, p,
g 6 @ 1
A Step 2
By B
Step 3: C
P Ty=4-4, pxa lt 2 ) » atan2( )
= atan ,P,),atan2(—p ,—p.
- A]—].R]-.[{ :Az 1 p‘v p p_ p
_nIC1+nyS, 0,C, +0,5, a_tC1+a_l,S, pxC1+pyS,_ _C,_ =8, 0 IZCZ—
nz O: a: pz - ll S2 C2 0 12 C2
nsS-nC oS -00C as-aC psS-pC 0o o0 1 O
0 0 0 1 /L0 0 0 1 |

92 = atanz(p: _ll » pxCl = pySl)




Inverse Kinematic Solutions

(Example 3)

Forward Kinematics

RT“ =A iAzA.gA;;ASA(}

—

[ Cl(C34CsCs — S4S6)  Ci(—CaasC€sCs — Sxuuls)  CiCraiSs) Ci(Cosaaty + Cyaz + Coty)
- 8;55Cs + 85,558 + 5,Cs
_ | Si(C24CsCs — 523456) Si(—C234CsCs — 8234Cs) 51(Cr348s) 5i(Cosaay + Cyaaz + Caa,) :
- GEC, ~ Ci8sS¢ B o
5534CsCs + C3456 —834C5Cs + Cy34Cos 821485 Sysuty + Sypas + Sya;
< 0 0 0 1 d

. .
. - BN . |
S
a B
- =

i

o
a3
o =

-

—- S 9



Inverse Kinematics

A7t % G Brlo A7 (RHS] = 4;4:4,4545
0. 4, p,
% g e T
e, 50 o, a p;
9 # ! Oy a" p_v = A, A A.;AQAQ
S =G 0 0; @ Po
07 0 g e e
‘n,(.'; + n,S5; a,C'. I 0,5, a,C + a5, nC+pS5
s o @, P 1=
nS, —mC 0,5 — 0,01 a8 —aC pS - pG
S 0 0 1
[CouCsCs — SpsSs  —Cisi€sCs — S5l CruSs Cauity + Craaty + Coaty
$:34CsCs + CoaSe —S‘mCsC;_f CouCo  SouSs  Suafe + Suta + 5oy |
—‘SSCB C5 G
1 0 0 1

o, 4,

P

metheaéelemcm:;ofthem M
: 25 = B,C = an'( 2 @62)
From the 1.4 and 2.4 elements, o i
; il (2.63)
g ﬂiewﬁiﬁn tions, squaring T:hem,an& then adding the squares gives

(P:Ca + g5 = szﬂﬁg = (Cuay + Coas)’
(P, = Smias) = (St * Sa) HEoed
(2:Ci + S~ C}._B'd_-ast) e = Szad"‘)z =aj+ “% + 2aa5(8,85 + CiCs).
Referring to the trigonometric functions of Equation (2.56), we see that
8:82; + CoCx; = cos [(B + ) — 0] = cos b,

Thus.

2 (€ + 9;51 Cm"d}z +{p. Smal)g —ai— a3
= e i .
In this equation, everything is known except for S, and C,s,, which we will
find next. Knowing that §; = V1 — C§ we can then say that
tair S
Gy
Since joints 2.3, and 4 are para‘ﬁe.l, premultiplying by inverses of A, and A ; will

not yield useful results. The next step is to premultiply by the inverses of A, through
A, which results in:

(2.64)

o= (2:65)

e 0 4y PxE

AAZ AT AT x| O B Pl 4 s Ac A CURHS) = A A (266)
By Op & pid

i =it

-

o

which, in turn, yields
Coy(Com, + 8i1))  CufCro, + 810,)  CoylCia, + Sia)  CudCipi + Sipy) +

+ Sy 1, + 8y 0, + Spqa, Snep. ~ Cuay — Caay — 1y
Csﬂy =& Cio, — S0, -éiﬁy — 5a, 0
“SalCimy + Siny)  —Ssa(Crog + Sioy) "‘S Ca, + Slai} "';szés{clpx + 8py) +
+ G, + Cyyo, + Cpya, " Coype + Suis + Saa,
0 0 4] 1
e
LI 80 —88 ' =Cc O
ey i N
0 0 0 1

35



Inverse Kinematics (continued)

From the 3.3 elements of the matrices in Equation (243?) ClCaual Gty + Sin,) + Soan.] C{Coi(Cro, + ;9,9!,) + Smoxj 0 o]
~SndCa, + Sig,)) + Crir, =0 — —Ss(Sim ~ Cny) ~85(810, = Cio,)
i s i > g 1800 “Sa( G + Sin) & Cope —S5u(Cr0, + §10,) + Cpio; 0 0| =
b = tan. (f@fﬂ, + St@)w :and _ o Wl et i (268) 0 0 1
and we can calculate Sm;énd- Cas whichz&e used to caleulate 85, as previously dis- ¢ i 0 01
cussed. =
Now, referring agam 10 Eqnanon.{z 6‘3) mpmted here, we can calculate the 00
sine and cosine of ; as follows: 00
1 of (2.75)
{PxCL + pyS; = ngqﬂq A Czsﬂa + Gy, 0 1
pz—Sma.;+S%a;+Szag Sk e =
rom the 2.1 and 2,2 elem -Equati 75 :
Since Cjy = C/C; 8,5, and Sy, = §iCy + €Sy, weget | — T e
3 : =85:4C st S ¥ R %
.cht + p-ySE CM“ ot (CZC" st‘)“3 + Caa., (2.69) a = tan™! _s-létcln ]ﬂ,) C?_Mf!‘- (2.76)
= Sty = (S0 + CoS) @y + Suto : - B8 + oy + e

Treating this as a set of two equations in two unkndwns and solving for C; and S,
we get

{Csas + a5)(p: — Sauas) — w“;(ﬂxc; 4 WPy C.aa“-s)
(Csas + %}l““i’ Sial

(G303 + a3)(pC1 + 2,51 — Couag) + Szaxp, — Smuay )
(Csast @) + S2ad

ay

(2.70)

i heat

Although this is a large equation, all of its elements are known, and it can be evalu-

(G35 + @)(p: = Suas) = $304p,Cy + pS; — Crnate)

6, = tan™! il 271
3 (Caay + a,)(p,Cy + py Sy — Cousars) + S;,m(p. Spuay) @
Now that 9, and 9, are Knowi, ve cancalewlate

. [ 6 =bum—8.-0, | 272)

Please remember that since there a me two solutions £or B (Equation 2.68),
there will be two solutions for 6, as weII fral
From 1,3 and 2,3 elements of Equatio :‘(2.6’?) we get

{Ss i Cmfca!ls 3 S&“;} + Sy,

Co=—Ca, + 3§ a (2:3%)
Coul€ra, + 81a,)+ S aa
and s = tan ( ok jg - ’) o (2.74)
% a 1y — y




Final Solutions il caaganagds Bl e 1 s
. o P O Ex b
DESIRED ¥ : .

& n, 0.4 Pyl

0, = mﬂ"1<§'{) ~and 6, =6 + 180°,

Orag = mnml(ﬁ) | and ‘ B3 = By + 180°,
(p.Ci + 5,51 — Gt} + (b, — S — @ — &}
' it i ; 2%% ,
- §= 2 VI—CL
0, = tan_l%i,
o, = tan-t(C2% + @)Bc = Si) = SlpiCy + S\ — Cot)

(Csas + a)(p.Cy + pyS; — Costty) + S2a3(p; — Syatts)’
9438234_32_83, A :
i Cza-}(ﬂxﬂx + 8,a,) + S,

s = tan S 2
5 S;ax = c}ﬂy

L =SdCin + S + G
’ —SZM('Clox + S‘lgy) =k 62349:-




Inverse Kinematic Programming

e K ALS Hetd 2K

— 2209 agccuracy 0| EH2 &

« LK AL AIZE ZH|
- X0 X8 8= (A, & S) 0l= Al i
2|)
— Intermediate points
- 32 0| £ % HA k= =

I
)
[
uE
2
Pt
o
U1
@
N
-
o




Degeneracy

- d9
— Inverse Kinematics si7t 28t 7§ ZEXSt= FX[/XFA|
> £5t 7§9Q| configuration (6,-+,6,) 22 E& 7ts3t {X|/XHA
> A== (DOF) & HO{EE (de — generate)
> NO7|0| M |IX| 2 275

(ex) Type 1 robot (ex) (Ex) Paul & =&

sin(a,), sin(a:) == sin(.) 7} zero
012! BHadls

Two similar joints 2| z 0| colinear 2! &%

24 Jbs
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